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ABSTRACT 

This paper presents a modeling approach for three-dimensional simulation of hydraulic frac-
turing of jointed rock. The base for a successful computer based simulation for productive 
use is the ability to calculate the fractured volume with sufficient accuracy and efficiency. 
Especially in cases three dimensional effects have to be taken into account, the common 
commercial software tools in oil and gas business reaches their bounds. There is a need for 
an effective modeling and simulation software tool to run three dimensional problems effec-
tively.  Effective 3D hydraulic fracturing simulation does not only mean that one hydraulic 
fracturing process can be modeled and simulated. To optimize the hydraulic fracturing design 
we need a parametric model and the simulation of one design has to be highly effective 
because during calibration and optimization the calculation of a couple of hundred different 
designs becomes necessary. Therefore the balance between accuracy and efficiency is the 
challenge to use computer based simulation of hydraulic fracturing for productive use.  
Dynardo developed a 3D-hydraulic fracturing simulator and coupled the simulator with lead-
ing edge calibration and optimization algorithms to offers the software base to optimize gas 
production with computer simulation. With the integrated approach, an effective 3D numerical 
reservoir simulator is available. The input parameters of the numerical model from the best 
available well log and reservoir data must be calibrated from the direct diagnostics meas-
urements to assign the correct level of importance to various mechanisms of the hydraulic 
fracturing. Only with this degree of diagnostic characterization of the hydraulic fracture it is 
possible to truly understand the controls on the evolution of the fracture network geometry of 
hydraulic fractures. With this approach, a predictive model for the design of hydraulic fracture 
can be developed for a reservoir. By use of the predictive, calibrated model, the hydraulic 
fracturing design can be optimized to provide the required conductivity the hydraulic fracture 
design to maximize the gas production.  
For three dimensional modeling, analysis and post processing FEM simulator ANSYS® is 
used. The second key component is the material library of jointed rock multiPlas, which 
simulates the fracturing process. The third key component is the optimization tool op-
tiSLang, which is used for calibration of the reservoir simulator and finally used for 
optimization of gas production. The simulator was set up and verified in Barnett Shale pro-
duction area.  The reservoir model was characterized with 7 rock layers and up to 4 sets of 
joints per rock layer. With the help of optiSLang a sensitivity study of the 200 physical and 
fracturing design parameters was performed to identify and calibrate the important physical 
parameters. The calibrated mode is then used to predict and optimize the gas production 
rates.  
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1 INTRODUCTION 

Hydraulic fracturing is used routinely in the gas and oil industry to create a large network of 
permeable fractures which connects the production well with the greatest possible volume of 
reservoir rock. Goal of the optimization of the hydraulic fracturing procedure is maximizing 
the fractured reservoir rock volume. The base for a successful computer based simulation for 
productive use is the ability to calculate the fractured volume with sufficient accuracy and 
efficiency. Effective 3D hydraulic fracturing simulation does not only mean that one hydraulic 
fracturing process can be modeled and simulated. To optimize the hydraulic fracturing design 
we need a parametric model and the simulation of one design has to be highly effective 
because during calibration and optimization the calculation of hundreds of different designs 
becomes necessary.  
When the reservoir show significant anisotropic in situ stress or strength conditions true three 
dimensional modeling become urgent. In case of layered reservoirs, the layer impact in 
fracture growth also needs to be included in the simulation. In case of jointed rock reservoirs, 
like shale’s the strength anisotropies of the joint system are often one of the dominant factors 
for fracture growth and therefore need to be included in the constitutive material equations 
for the mechanical behavior of jointed rock. Therefore, a 3D simulation model has to repre-
sent at least three main physical phenomena: reopening of the joint system, fluid flow in the 
joint system and permeability increase of the stimulated rock volume. 
After having obtained a suitable hydraulic fracture simulator the next challenge is to deal with 
the uncertainty of the reservoir parameters like material parameter, layer dimensions or in 
situ conditions. Even from the best available reservoir and well test data a lot of parameters 
have large uncertainties or have to be taken from the literature or experience. Here, efficient 
ways of performing sensitivity analysis to identify the most important input parameters and to 
calibrate the numerical models to experimental data will become urgent. For that task Dy-
nardo’s optimization tool optiSLang [1] is used for calibration of the reservoir simulator and 
for optimization of gas production. With optiSLang we perform numerical sensitivity studies 
using optimized stochastic sampling strategies (Latin Hypercube class) which scan the de-
sign space followed by statistical measurements of importance of individual model 
parameters using Coefficient of Importance- CoI. The coefficient of importance (CoI) meas-
ures the amount of response variation which results from the input variation of single 
uncertain parameter. The base of measurement of importance is different correlation meas-
urements like linear, quadratic or monotonic non linear correlation (Spearman rank order 
correlation). Finally, this correlation hypothesis is used to predict the importance which 
shows the highest correlation coefficients. For more details of algorithms we refer to literature 
[1]. 

2 3D HYDRAULIC FRACTURING SIMULATOR  

For effective three dimensional parametric modeling, analysis and post processing in chapter 
3, the FEM simulator ANSYS® is used. The reservoir geometry is generated and an auto-
matic brick meshing is performed. In order to be able to introduce the anisotropic in situ 
stress condition the single reservoir layers are initialized separately and bound together with 
bonded contact. The stress initialization is followed by a coupled transient fluid flow me-
chanical analysis. For the matter of integration the simulation into a calibration process, the 
complete simulation flow is automated and all uncertainties needs to be parameterized (fig. 
1). The hydraulic fracturing process is simulated with fluid flow analysis for the pore pressure 
change as a result of water injection and coupled with mechanical analysis for fracture 
growth. For consideration of fluid flow in the joints as well fracturing and reopening of the 
joints a smeared continuum approach is used.  
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Fig. 1: Process flow chart of the calculation of multiple design configurations 

2.1 MECHANICAL ANALYSIS 
The smeared continuum approach uses a deformation tensor of the jointed rock mass which 
is composed from stiffness of rock and multiple joint systems. The stress strain conditions of 
jointed rock is given by 

( )σ ε= −D  RM
tot plε           (1) 

where DRM jointed rock deformation matrix resulting, resulting from rock and joint stiffness 
 JRRM DD= D +

The constitutive material models of elastic plastic behavior use effective stress:  
npefftot +=σσ       (2) 

where  and p  pore pressure ( )n      T= 1 1 1 0 0 0

2.2 FLUID FLOW ANALYSIS 
Because of the very low permeability of the in situ initial jointed rock, fluid flow will occur 
mainly in the initiated or reopened joint system. The resultant permeability is defined with an 
anisotropic permeability tensor of the smeared rock mass [6]. Using Darcy’s laminar flow 
approach in a smeared continuum having a joint system the flow velocity in the direction of a 
joint set result to 

v q
A

 = k 2a
d

I  FT TF
i=       (3) 

 
respectively transformed into global coordinate system{ } { }v KFT I=   (4) 
where  vFT   flow velocity 
 K    anisotropic permeability tensor of jointed rock mass 
 2ai   joint thickness / joint opening  
 A    cross section 
 d   joint frequency 
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2.2.1 COUPLING OF FLUID AND MECHANICAL ANALYSIS 
After generating the in situ stress and pore pressure conditions a coupled load history analy-
sis is performed. The hydraulic fracturing event starts with a transient fluid flow step which 
affects the initial pore pressure field. After every fluid time increments the incremental 
change in mechanical forces from pore pressure chance will be introduced in the mechanical 
analysis. The forces on every discretization point of the smeared continuum are computed 
from the pore pressure gradients  
 

{ } { }F  V  Str
W G= γ I      (5) 

where  FStr    force vector 
 I gradients of pore pressure 
           γW   water density 
           VG   related volume 

2.2.2 COUPLING OF MECHANICAL AND FLUID ANALYSIS  
At the mechanical step, a non linear elastic plastic analysis is performed and in case of vio-
lating strength limits, fracture initialization and fracture growth occurs. The main physical 
effect in hydraulic fracturing is the significant increase in permeability in case of fracture 
growth. In the case of plastic strain increments, the anisotropic permeability tensor of the 
jointed rock mass is updated with a non linear relation to the anisotropic plastic strain tensor. 
This relationship is very important to the fracture growth and has to be calibrated to the res-
ervoir conditions. 

εpl 

K 

Kmax 

Kini 

max permeability 

initial permeability 

 
Fig. 2: Relationship between plastic strain and permeability 

2.3 CONSTITUTIVE MATERIAL MODELS FOR FRACTURE GROWTH 
An important key component is Dynardo’s library of constitutive models for jointed rock mul-
tiPlas, which simulates the three dimensional fracturing of the jointed rock mass. multiPlas 
uses an elastic plastic smeared volume approach, having constitutive models for the “intact 
rock” and up to four sets of joints. It is assumed that the total strain vector can be divided into 
an elastic and a plastic component. 
 
  { } { } { }pleltot εεε +=       (7) 
where {ε}el – elastic strain vector 
 {ε}pl – plastic strain vector 
 
The yield criterion limits the stress space. 
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{ } 0),( ≤κσF        (8) 
where {σ} - stress vector 
 κ - hardening or softening parameter 
 
If the stress computed using elastic deformation matrix exceeds the yield criteria (F>0), then 
plastic straining occur. Plastic strains will be computed by flow rule 

 
σ

λε
∂
∂

=
Qd pl          (9) 

Where λ - plastic multiplier (which determines the amount of plastic straining) 
Q - plastic potential (which determines the direction of plastic straining) 

 
The plastic strains reduce the stress state so that it satisfies the yield criterion (F=0). By 
using non-associated flow rules  
          (10) FQ ≠
dilatancy are introduced. The hardening / softening function Ω(κ) describes the movement of 
the initial yield surface. For the strain driven hardening/softening equations in multiPlas the 
scalar value κ serves as a weighting factor for plastic strain.  

pl
eq

pl ddd εεκκ == )(        (11) 
Note that because of lack of experimental data for softening behavior of jointed rock mass 
simple assumption of strength degradation from in situ strength to residual strength are often 
used. The numerical implementation is carried out by using the return-mapping method. 

2.3.1 DEALING WITH MULTI-SURFACE PLASTICITY 
Of course the jointed rock mass contain multiple yield criteria, a tension and shear criteria for 
the intact rock and every set of joints. In the stress space, a non-smooth multi-surface yield 
criterion will then develop. The numerical implementation is carried out using an effective and 
consistent numerical treatment of multi-surface plasticity [4]. The elastic plastic algorithm has 
to deal with singularities at intersections from different yield criteria (e.g. F1 to F2 as repre-
sented in figure 3). The consistent numerical treatment of the resulting multi-surface plasticity 
must deal with the possibility that many yield criteria are active simultaneously. This leads to 
a system of n=j equations: 
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The solution of this system of equations generates the stress return to flow criteria or within 
the intersection of flow criteria’s. Contrary to single surface plasticity, exceeding the flow 
criterion is no longer a sufficient criterion for activity of the plastic multiplier for each active 
yield criterion. An activity criterion needs to be checked.  

0d j ≥λ            (13) 
This secures that the stress return within the intersection is reasonable from a physical point 
of view. 

3 HYDRAULIC FRACTURING SIMULATION IN BARNETT SHALE RESERVOIR  

3.1 MODELIN 
For the analyzed well, core measurements of pay zone, image logs for rock properties of 
layers (fig. 3-4), step down test and seismic fracture mapping measurements were available 
and used to build and calibrate the reservoir model. The reservoir model was characterized 
with 7 rock layers and 4 sets of joints per rock layer. In reality, some cracking of intact rock 
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will occur to connect the joint system but that phenomenon will not occur in the smeared 
volume approach. Note that in the smeared volume approach, plastic failure and as a result 
plastic activity occur only at the fracture frontier. Inside the fractured rock, body pore pres-
sure differences disappear and stresses relax (dark blue). The parametric numerical model 
included geometric parameters like layer thickness and location, material parameters of 
deformation, strength and hydraulic properties as well as the hydraulic fracturing design 
parameter. The most significant anisotropy is the bedding plane of the shale. Furthermore, 
location and frequency of fractures and their characteristics (open, closed, well induced) are 
identified from well logs and core measurements. From that data in addition to the bedding 
plane, 3 sets of joints for every rock layer are derived. 
 

Marble Falls Shale

Marble Falls Limestone

Barnett Shale A

Barnett Shale B 

Barnett Shale C 

Barnett Shale D 

Ellenburger

 
Fi.g 3: Image log measurement data of the 7 rock layers 

 

  
Fig. 4: right: image log of well will fracture characteristics  

left: core picture with bedding plane and joint 
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Fig. 5: Stimulated rock body after 193 minutes of pressuring (blue: stimulated rock mass from 

simulation, red: seismic mapping measurements) 
 

 
Fig. 6: history of activity 

 
The hydraulic fracturing design contains 5 stages of pressuring ranging from 100 to 200 
minutes of pressure design. In the numerical fluid flow simulation, the bottom hole pressure 
at well perforation is the initial loading for every time step increment. At first, an analysis 
using mean values of all parameters is performed. The non linear load history analysis con-
tains an initialization of a mechanical and hydraulic model and the coupled fluid flow and 
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mechanical analysis of the hydraulic fracturing event. The main result of the simulation is the 
three dimensional body of fractured rock represented by the volume which shows plastic 
strain resulting from fracture growth (fig.5). An analysis of the history of activities of failure 
criteria (fig.6) clearly shows that fracture growth is dominated by shear failure in the joint 
system and the amount of other failure (intact rock failure or tension failure) is negligible. 
Because of the high strength of intact rock compared to the relatively low strength of joints, 
this phenomenon is expected. 

3.2 CALIBRATION AND OPTIMIZATION  
 
In the calibration process, first key parameters of the modeling approach like appropriate 
mesh size, hydraulic time steps, maximum permeability of jointed rock mass or energy dissi-
pation at pore pressure frontier are calibrated to measurement results of step down test and 
seismic fracture measurements. The step down test gives the fracture initiation pressure 
level and the seismic fracture measurements the cracking dimensions (height, wide and 
length) in time. Then with the help of optiSLang, a sensitivity study of the 200 geometry, 
material and fracturing design parameters is performed. The most important input to the 
sensitivity analysis are the lower and upper bounds of the uncertain parameters. Of course, 
the bounds are not known in detail. The bounds are derived from all available test data from 
the reservoir, from experience and from the literature. The goal of the sensitivity study is to 
identify the important model parameter but also to verify the estimated range of uncertain 
parameter. We designed a Latin Hypercube sampling to scan the design space of the sensi-
tivity study. The importance of the variables is calculated with statistical measurements of 
correlation coefficients and coefficient of importance (CoI). After 162 design evaluations we 
stopped the sensitivity study because the correlation coefficients of the most important model 
parameter converged above a significance limit (fig.8). The identified correlations and 
mechanisms of the important input parameters due to the reservoir response are validated 
and finally the model is calibrated to the fracture mapping measurements in the sub domain 
of important model parameter using optiSLang optimization algorithms. Measurements of 
importance show that for the total volume of stimulated rock, the most important parameters 
are the in situ stress conditions (k0-values), the variation of bottom hole pressure height and 
total pressuring time (fig. 8). This is expected because the in situ stress conditions define the 
fracture closure pressure and the bottom hole pressure regime defines the energy to crack 
the rock mass. The strength parameter of the joint system, especially the friction angle and 
dilatancy angle, and some hydraulic fracturing design parameter become important for the 
variation of fracture height, wide or length. This simply means that the total volume is driven 
by the total energy loading of the hydraulic fracturing and the direction of fracture growth is 
driven by the joint system but can be influenced by the hydraulic fracturing design. 

 
Fig. 7: Convergence plot of the most important model parameter 
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Fig. 8: CoI shows the influence of input parameters to the variation of total volume of stimu-
lated rock mass as well as at total fracture length, width and height 

 
In the calibration process, the in situ stress conditions and important joint strength parameter 
are updated until time and location of seismic fracture measurements show reasonable 
agreement with the simulation results. The calibrated model is then used to predict the gas 
production rate of the well. Here, correlation between stimulated volume and 6 month gas 
production at Barnett field was used. The positive surprise was that the predicted gas pro-
duction rate from the calibrated model showed very good agreement to the real production 
rate and much better agreement than the estimated production rates with the help of seismic 
fracture measurements only. The reason for the better agreement was the better calculation 
of the volume of the complex 3D body of stimulated rock in the layered reservoir which was 
not possible using the seismic fracture mapping measurement only. After understanding of 
correlations between hydraulic fracturing design parameters and resulting stimulated rock 
volume, the optimization potential was investigated and it could be shown that an increase of 
gas production of 25% was possible with just an optimized well position in the reservoir. 

4 SUMMARY AND OUTLOOK  

Using ANSYS and multiPlas, a 3-dimensional, parametric hydraulic fracturing simulator was 
set up which could be calibrated to seismic fracture measurements and to real production 
rates of gas wells. High numerical efficiency of the simulator was achieved. The simulator did 
calculate one hydraulic fracturing running for 200 minutes at 2008 up-to-date dual core work-
station in 12 to 16 hours. To reach that numerical efficiency, in numerical modeling we 
concentrated only on first order physical effects, namely the interaction between fracture 
growth and permeability growth using smeared volume approach in combination with simpli-
fied flow conditions in the smeared rock mass.  
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Regardless of which simulator will be used for the hydraulic fracturing simulation, the op-
tiSLang functionality for sensitivity analysis and calibration with dealing of a large amount of 
uncertainties can be linked to any simulator and will be a key functionality to understand and 
calibrate complex reservoir models. optiSLang correlation analysis identifies the main reser-
voir parameter to additionally calibrate the mechanism of how the fracturing design 
parameter effects the fracture growth. This understanding is urgent for optimizing the gas 
production rate, especially in layered reservoirs. The advanced functionality of ANSYS soft-
ware suite for mechanical and fluid analysis supports the introduction of further physical 
effects. Enhancements for thermal hydraulic mechanical coupling introducing the effect of 
elastic, thermal and creep strains to the permeability tensors are in preparation. This physical 
effects will be important for (hydraulic) fracturing analysis when thermal effects have to be 
taken into account, when fracturing of nuclear waste disposals needs to be investigated or in 
geothermal projects using hydraulic fracturing to stimulate permeability in jointed rock reser-
voirs. 
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