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One of the most important trends in virtual prototyping 
is the investigation, optimization and proof of product 
robustness using CAE-based robustness evaluation, reli-
ability analysis or robust design optimization. To achieve 
reliable results, all potentially infl uencing uncertainties, 
like manufacturing tolerances, material scatter or varying 
load conditions need to be taken into account by applying 
appropriate statistical defi nitions. But which discretization 
level of defi ning uncertainties is appropriate? Is it suffi cient 
to defi ne the uncertainties by using normal distributed sin-
gle random variables neglecting any correlations between 
them? Is it suffi cient to defi ne correlations between single 
scattering variables? Or do we have to defi ne the spatial 
correlation structure between scattering variables? Since 
the defi nition of uncertainties is the essential input to any 
stochastic analysis, these questions need to be discussed 
carefully for any engineering application. Anytime we re-
alize that spatial correlations between scattering variables 
might have a signifi cant infl uence and need to be taken 
into account, we need to model “random fi elds”. 

During our last Weimar conferences, we discussed different 
approaches of “user defi ned” random fi elds using available 
CAD parameter to modify scattering geometry or using 
parametric functions to introduce some kind of “waviness” 
of spatial scattering variables. Both approaches to model 
random fi elds need intensive verifi cations that the resul-
tant spatial correlated uncertainties represent what we in-
tended to model: a realistic assumption of spatial correla-
tion which we have seen at measurements. 

Taking into consideration that there is an ultimate need to 
verify the resulting spatial correlated uncertainties by com-
paring them with measurements, the idea was born to use 
the “origin information” to automatically generate the ran-
dom fi eld parametric models instead of guessing or artifi -
cially creating them. Here, the “origin information” can be 
obtained from multiple real world measurements as well as 
from multiple realizations of a stochastic analysis of process 
simulation, like a robustness evaluation of a forming process 
representing the variation of the resultant product. After al-
most 10 years of methodology and software development 
for random fi elds, we successfully converged with our new 
software version Statistics on Structures 3.0 to offer user 
friendly and numerically effi cient workfl ows to identify ran-
dom fi eld parametric models automatically. Please fi nd more 
details in the title story of this journal.

Apart from that, in this journal, we have selected case stud-
ies about parameter identifi cations from different indus-
tries. I hope you will enjoy reading our magazine.

Yours sincerely

Johannes Will
Managing Director DYNARDO GmbH

Weimar, November 2013
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STATISTICS ON STRUCTU RES 3.0

Some properties of engineering structures or structural parts are usually of random nature due to manufacturing 
tolerances, material scatter or random loads. For the assurance of product quality, avoidance of recalls and fulfi llment 
of safety requirements, such randomness has to be taken into account by applying correct statistical modeling.  
Statistics on Structures 3.0 makes random fi elds ready for CAE-based simulation. 

Introduction: 
Random variables vs. random fi elds
Random fi elds are not yet commonly used in CAE design. 
Probabilistic methods involving scalar random numbers, 
however, have experienced a success story in the recent 
years: They are used in a wide area from robustness evalua-
tion, reliability analysis, robust design optimization, etc. In 
these areas, DYNARDO provides engineers optiSLang as one 
of the worldwide leading software tools. There is a wide 
acceptance among engineers that CAE-based stochastic 
analysis helps to obtain a more accurate representation of 
reality leading to better products with less manufacturing 
costs, better reliability and longer life-cycles. Nevertheless, 
most probabilistic procedures are currently restricted to in-
dividual random numbers, i.e. scalar parameters. 

When applying CAE-based stochastic analysis to virtual pro-
totyping, we have to learn what is the appropriate discreti-
zation level of the uncertainties, like we have learned and 
identifi ed which is the appropriate accuracy level of spatial 
discretization (h/p/r-refi nement, interpolation and integra-
tion types of fi nite elements) or the appropriate accuracy 
level of material constitutive models (linear, nonlinear, plas-

tic, creep, damage). Usually we start with rough estimations 
of uncertainties (for example, a uniform variation of a sheet 
metal thickness using one scalar stochastic parameter). 
Some phenomena, however, will require the introduction 
of spatially distributed random variations and here we will 
need random fi eld parametric models in the future.

Random fi elds, i.e. random numbers being spatially distrib-
uted and obeying some spatial relationship, however, are 
currently very rarely used in CAE design and simulation. 
One reason is the conceptual diffi culty of identifying and 
understanding. Another reason is the missing availability of 
numerically effi cient and user friendly software solutions 
to identify and model random fi elds. DYNARDO’s goal is to 
fi ll this gap with Statistics on Structures 3 introducing ran-
dom fi elds in CAE design and analysis. 

The assumption of scalar parameters is a very helpful view 
onto commonly used numerical models. Usually, the scalar 
output parameters are values being excerpted from scalar or 
even multi-dimensional fi elds. For example, in structural me-
chanics, one often extracts integral-weighted or maximum 
principal values (from stresses, equivalent plastic strains 
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or displacements) from fi elds being distributed among the 
nodes and elements of a fi nite element mesh. Even the in-
put parameters are rarely truly scalar random numbers. For 
example, the shell thickness is never a constant for a single 
sample design in reality, but varies randomly among the fi -
nite element structure due to its manufacturing process. The 
same is true for the spatial distribution of geometric coor-
dinates, material properties or boundary and loading condi-
tions - all being randomly distributed among the FEM mesh. 
The parameterization and characterization of these random 
effects and, even more challenging, the identifi cation of 
input-output relations are generally nearly impossible tasks 
when using element wise discretization of random prop-
erties since they may involve many thousands of random 
numbers. Spatially distributed random variables, however, 
can be characterized as random fi elds. Their description in-
volves information on the distribution type, lower and up-
per bounds, mean value and standard deviation at each fi eld 
position. Further, a correlation matrix between the individual 
fi eld points describes the amount of fl uctuation within the 
close neighborhood of an individual point: Usually a physi-
cal quantity (e.g. the shell thickness) does not change rapidly 
and the values of all nearby points are strongly correlated. 
The correlation matrix of a random fi eld needs not necessar-
ily to be computed, but can be approximated through the 
Karhunen-Loeve expansion.

Karhunen-Loeve expansion
The Karhunen-Loeve expansion states that an optimal choice 
of the basis functions is given by an eigenvalue (“spectral”) de-
composition of the auto-covariance function. When a scalar 
fi eld is measured as a distribution on an FEM mesh (or on any 
other discrete space), the random fi eld is represented by dis-
crete values. In this case the spectral decomposition is given 
through the solution of a (very large scale) matrix eigenvalue 
problem. A signifi cant reduction in the number of variables 
can be achieved when truncating the series after a few items. 
The fi eld being measured in terms of a large number of values 
(usually in terms of single values per node or fi nite element) 
is then expressed through a small number of coeffi cients 
(“amplitudes”). The “scatter shapes” (i.e. the eigenvectors of 
the covariance matrix) defi ne the transformation basis. By 
reducing the number of random variables with the identifi ca-
tion of the most important scatter shapes, we are then able 
to eliminate noise and simplify the representation of input/
output relations, which will give us the possibility to visualize 
and understand the relation between input and output varia-
tion. The basis functions should be orthogonal reducing the 
computational effort for the projection (reduction) and its in-
verse transformation. As a side effect, the random coeffi cients 
are uncorrelated simplifying the digital simulation of random 
fi elds. The key aspect of the Karhunen-Loeve expansion is its 
reduction effect. That means one computes only a few scatter 
shapes in practice to explain the majority of variation. If the 
cumulative variability associated with the computed scatter 

shapes is large enough, one is able to represent most of the 
existing variations in a random fi eld using only a small num-
ber of scalar random variables. The omitted scatter shapes are 
usually associated with small correlation length parameters. 
Thus, they often can be considered as noise. Hence, one can 
interpret the truncated Karhunen-Loeve expansion in terms of 

 • model order reduction, breaking down the number of 
random variables of a complete fi eld to a small number of 
random amplitudes. These amplitudes may be visualized 
and directly used in optiSLang’s sensitivity analysis us-
ing Metamodel of Optimal Prognosis (MoP) to determine 
input-output relations and the corresponding coeffi cient 
of prognosis (CoP). 

 • noise reduction and smoothening, eliminating random ef-
fects associated with very small correlation lengths. Such 
effects may, for example, be introduced by solver noise.

In order to validate the series truncation, one may use sev-
eral error measures: A global error criterion that is related 
to the sum of the eigenvalues (being associated with the 

Fig. 1: New feature: Compute local error due to Karhunen-Loeve expansion (top) scaled 

to the dimension of the standard deviation. The respective standard deviation is shown 

on the bottom.  The expansion uses 10 modes explaining 71% total variability. The local 

error can be directly related to the standard deviation enabling the engineer to predict 

the maximum error in variation at hot spots.
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actually computed scatter shapes) of the spatial covariance 
matrix. This global criterion provides a scalar number for 
the total variability percentage that can be explained by the 
reduced model. A local error (see Fig. 1, previous page) de-
scribes the amount of standard deviation that is lost when 
approximating the original data by the reduced model (see 
Fig. 2). If this local error is large in areas where the engineer 
is interested in, one must perform a detailed analysis: First, 
one computes the smoothened approximations to all fi eld 
samples utilizing the scatter shapes. Second, one computes 
the minimum and maximum values and the standard de-
viation for all fi eld values of the smoothened space. These 
quantities are then compared to their equivalents of the 
original data. Finally, one can determine how good the trun-
cated Karhunen-Loeve expansion can represent extremal 
values and points of large variation.

Statistics on Structures (SoS) 
DYNARDO developed the software Statistics on Structures 
(SoS) which is capable of decomposing random fi elds by 
Karhunen-Loeve expansion, visualizing the identifi ed “scat-
ter shapes”, analyzing random properties on FEM struc-
tures, locating “hot spots” of variation and investigating 
correlations. So far, SoS was mainly a “post processor” for 
statistics on FEM structures, i.e. for visualization of the 
descriptive statistics on the structure, visualization of cor-
relations between random input and structural results, vi-
sualization of quality performance (QCS). To investigate the 
nonlinear correlation structure between input and outputs, 
SoS can be coupled with optiSLang. It can read and write 
optiSLang binary fi les integrating optiSlang’s MoP solver 
easily into the analysis of correlation. 

Several successful applications of SoS are documented in the 
DYNARDO online library at www.dynardo.at and in the refer-
ences at the end of this article. At the user conference WOST 
2012, DYNARDO presented a new methodology for the anal-
ysis of random fi elds that was capable of analyzing very ef-
fective large fi nite element meshes (tested up to a range of 
500.000). To meet future challenges in random fi eld identi-
fi cation, the post and pre processing modes of Statistics on 
Structures were completely rewritten. Thus, computational 
effi ciency and fl exible work fl ows for user friendliness were 
improved opening new areas of application.

Using SoS for post processing of statistical data
Very often, engineers are interested in response value varia-
tion as a result of a robustness evaluation which must be 
evaluated at a mesh position of interest (“hot spot”) that is 
not known before starting the actual analysis. 

An example shall explain the problem (see Fig. 3): One wants 
to investigate the variation and the correlation to the maxi-
mum von Mises stress within the structure subject to pre-

defi ned material and process variation of a forming simula-
tion. The engineer starts the task by performing a robustness 
evaluation varying all possibly infl uencing scattering param-
eters. This sampling is a necessary step to identify the hot 
spot of maximum stress and maximum largest stress varia-
tion. But how should the engineer express this quantity? 

1. The challenge is that the position is a priori not known, 
where the largest stress appears or where the largest 
variations of the maximum stress can be expressed for 
the simulated designs. One choice is to perform a sin-
gle simulation with representative design parameters, 
fi nd the position of the maximum stress and choose 
this position to evaluate the variation for each design. 
But after performing the whole sampling, the engi-
neers might understand that they evaluated the stress 
at the wrong position. This may involve a recomputa-
tion of the sampling doubling the amount of time and 
computational resources. The engineers may not even 
notice that they measured the stress at the wrong po-
sition and continues the analysis based on wrong data. 

2. Another strategy is not to predefi ne the position of in-
terest, but to extract the maximum stress from the 
complete mesh. This case may involve two types of 

Fig. 2: The fi rst two scatter shapes (scaled to the magnitude of the standard deviation) are 

shown in this fi gure (top: #1, bottom: #2). 
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problems: First of all, the maximum stress may be mea-
sured at very different positions. If the maximas at dif-
ferent locations belong to different mechanisms the 
statistical signifi cance of the correlation structure suf-
fer (reduced coeffi cients of prognosis (CoP) when per-
forming a correlation analysis including reduced abil-
ity to identify the important parameters). Even worse, 
one may extract the wrong values. For example, the 
maximum stresses may be measured near the sup-
ports. In this case one must carefully restrict the spatial 
domain where one extracts the maximum value from. 

3. A third strategy is to evaluate integral values, e.g. one 
computes a weighted average of the von Mises stress. But 
this quantity might not represent extremal values well. 

Statistics on Structures allows to defi ne hot spots after per-
forming the sampling (see Fig. 3). This gives much more free-
dom of choice to the engineer. Thus, it can simply be checked 
what is the most appropriate way of extracting results 
which represent all important hot spots of variation and 
show high CoP values of the correlation between input and 
the response. First, the engineer creates the sampling (using 
optiSLang or another software) and performs the numerical 
analysis of the robustness evaluation of the respective de-
signs. Then the resulting fi eld quantities (for example, the 
von Mises stress fi eld) are imported into Statistics on Struc-
tures for all designs. Depending on the actual task, one can 
compute the statistical properties of the response values of 
interest. The positions of interest can then be identifi ed in a 
post processing step. The values of interest at these positions 
are then exported as scalar parameters and can be further 
analyzed, for example in a sensitivity analysis of optiSLang.

As mentioned, the selection of extreme values may lead to 
problems identifying the input/output correlation with large 
coeffi cient of prognosis when the extraction of the maxima 
involves rapid changes to the position of the considered 

value on the mesh. By using the Karhunen-Loeve expansion 
to decompose the variation into the most important “scat-
ter shapes”, one can easily cumulate the related amount of 
variation (being distributed on the mesh) into scalar parame-
ters. The actual amount of variability related to the total fi eld 
variance can be quantifi ed. Hence, one can safely export the 
new scalar quantities to continue the sensitivity analysis. By 
analyzing the amplitudes of a truncated Karhunen Loeve ex-
pansion, one can increase the statistical signifi cance, identify 
important input parameters infl uencing the individual am-
plitudes of the scatter shapes and even localize the effect for 
the respective inputs on the FEM mesh. 
Let the task be: Identify the input parameters that domi-
nantly infl uence a fi eld quantity. The involved steps are 
sketched in Fig. 4. Let optiSLang generate a sampling and 

perform the numerical analysis of each design. The resulting 
fi eld quantity is imported into SoS for all analyzed designs. 
Therein, the random fi eld is expanded and SoS computes the 
most relevant amplitudes (statistically independent scalar 
random parameters) and the associated scatter shapes for 
each amplitude (quantifying and localizing the amount of 
scatter related to the amplitude). In many applications, the 
scatter shapes can be successfully computed. For example, 
the mechanisms of variation can be decoupled and the varia-

Random Fields

random fi eld 
identifi cation

SoS scatter shapes

SoS amplitudes

correlation structure 
with MOP

Fig. 3: Finding hot spots with optiSLang and SoS  

Parameterization Sampling CAE Process
Identifi cation of 

variation “Hot Spots”
Correlation structure 

with MOP

Fig. 4: Identify input-output relations using optiSlang and SoS 

Parameterization Sampling CAE ProcessCAE P

S scatter shapes



6

tions are not too much affected by numerical errors. In these 
cases, the cumulative explainable variability in terms of CoP 
values should not be less than 90%. Ideally, only a few (3 to 5) 
amplitudes are needed to match this variability. The local er-
ror distribution should be validated in the post processing of 
SoS (see page 3). The amplitude samples are then exported 
to optiSLang. In optiSLang, the sensitivity analysis is carried 

out for the original input parameters and the individual am-
plitudes (as outputs) using MoP. When interpreting the indi-
vidual CoP, one must relate them to the amount of variability 
being associated with the respective amplitude. Further, one 
can quantify the position of the infl uence using the respec-
tive scatter shape. 

The advantage of analyzing random fi eld amplitudes com-
pared with analyzing other scalar values is shown in fi gures 
5 and 6: In fi gure 5, the overall CoP of a single element value 
might be too small for a useful interpretation. The integral 
average value (fi gure 5) is not sensitive to the yield stress 
although the response is (see the CoP of the amplitude in 
fi gure 6).

Using SoS for generation of imperfect sample 
sets using random fi elds
One of the main reasons of recoding SoS was to use the identi-
fi ed scatter shapes and amplitudes which represent the best 
possible parametric representation of spatially distributed 
quantities, for example shell thickness in sheet metal form-
ing or bounding surface coordinates to generate imperfect 
sample sets. If the performance of a part having these spatial 
correlated scattering values after the forming process will be 
investigated in an assembly for a crashworthiness, it might 
become necessary to introduce the identifi ed parameters in 
the robustness evaluation of the crash load case. In fact, the 
random fi eld parametric model represents all information 
where each point on the mesh is a random variable being 
spatially correlated to the other mesh points. If the correla-
tion structure and the probability distribution of the quantity 
are known, one can generate a sample of such a random fi eld. 
Simulating a set of imperfect designs (involving multiple re-
alizations of the same random fi eld), thus, improves the ac-
curacy of the representation of variations in reality. 

Fig. 7 illustrates the procedure involving two steps: The fi rst 
step is required to identify the random fi elds. Therein, one 
assumes that a random fi eld quantity to be simulated, for 
example the shell thickness, is an output of a robustness 
evaluation of the forming process. A sampling is performed. 
For each design, the resulting fi eld data are imported into 
SoS. A subsequent Karhunen-Loeve expansion analyzes the 
correlation structure and also identifi es the scatter shapes 
and the related amplitudes. The random fi eld parametric 
model necessary for generating imperfect geometries hav-
ing the statistical representation of variation seen in the ro-
bustness evaluation of the forming process is being stored. 
In the following solver run (e.g. a robustness evaluation of 
crashworthiness simulation, or another manufacturing pro-
cess like additional deep-drawing, welding, bending, folding, 
etc.) one then wants to introduce the scatter from the for-
mer process step, the spatially distributed shell thickness of 
the formed part using SoS random fi eld parametric models. 

Random Fields

Fig. 5: CoP of the integral value of the plastic strain (left) or the CoP of an a priori specifi ed element (element #8440 with largest plastic strain the the fi rst design

Fig. 6: CoP for the individual input parameters that infl uence the fi rst amplitude of the 

Karhunen-Loeve expansion (45% of total variability in the model)
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In optiSLang one parameterizes the problem involving both, 
scalar parameters and the random fi eld parametric model 
imported from SoS. A sampling is created. Therein, optiSLang 
generates design directories for each sample. For each design 
directory it modifi es all scalar parameters according to the 
parameterization. SoS is additionally called for each design 
reading the sample values of the amplitudes and generating 
imperfect realization of the formed part sheet metal thick-
ness using the SoS random fi eld parametric model. 

Using SoS to eliminate random noise in a robust-
ness evaluation
Noise is defi ned as a random perturbation at each mesh po-
sition which is statistically independent and has zero mean 
and fi nite variance. An extended interpretation used in SoS 
is to regard noise being a random perturbation which is not 
or negligibly correlated to the perturbation at other mesh 
positions. These variations are exactly those which are not 
part of the truncated Karhunen-Loeve basis. Hence, one can 
use the Karhunen-Loeve expansion to fi lter the noise from 
the computed fi eld data samples. This is called “smoothen-
ing” (see Fig. 8). Smoothening can be used to fi lter random 
noise of those solver outputs being used as inputs in a sub-
sequent simulation.

Detection of geometric deviations 
A typical example of random fi elds are geometric pertur-
bations. The geometry of a product is usually randomly 
perturbated due to random effects during the manufactur-
ing process. Sometimes, for example in metal forming, it is 
possible to simulate the production process and to evalu-
ate the geometric deviations after this step to reuse them 
as a random input in the next phase of the analysis of the 
production process. SoS supports the analysis by detecting 
geometric deviations (given a modifi ed mesh and a refer-
ence mesh for the closest point projection), by analyzing 
and post-processing the correlation structure of the de-
tected deviations by identifying shapes and amplitudes of 
deviation and by exporting the deviated geometry as input 
for a consecutive analysis. 

The procedure is illustrated in Fig. 9 (see next page). In the 
example, a fi rst CAE process simulates a production pro-
cess, i.e. metal forming of a car cowling. The fi nal geometry 
is randomly distributed due to random production param-
eters. A second CAE process is set up using the random ge-
ometry of the fi rst process, i.e. a crash analysis, robustness 
analysis or a second production step. One usually sets up a 
single geometry and mesh. In order to apply randomly dis-
tributed geometries to the second CAE process, one has two 

Random Fields

Fig. 7: Simulation of random fi elds using SoS and optiSLang  

Fig. 8: The top fi gure illustrates a single design of the original data. The bottom fi gure 

plots the smoothened design (using the Karhunen-Loeve expansion with 10 scatter 

shapes, i.e. 71% variability)
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identifi cation

generate imperfect design 
(e.g. forming part)

export to optiSLangprocess simulai l

CAE processCAE
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choices: Either one detects the coordinate deviations be-
tween the fi nal geometries of the fi rst CAE process and the 
assumed model of the second CAE process to insert them 
directly as input geometries into the second solver chain. Or 
one detects the deviations and performs a Karhunen-Loeve 
expansion in order to generate the random input geom-
etries for the second CAE process. Figure 10 illustrates the 
fi rst scatter shapes of such coordinate deviations used in 
random fi eld generation.

Authors // S. Wolff, Ch. Bucher (DYNARDO Austria GmbH),
J. Will (DYNARDO GmbH)

Figures 1, 2 and 8 refer to the numerical example:

Hansjö rg Lehmkuhl, Johannes Will, Vera Sturm, and Jö rg Gerlach. Which discretization level 

for uncertainties do we need for reliable robustness evaluations in forming application? In 

9th Weimar Optimization and Stochastic Days, Weimar, Germany, 2012. DYNARDO GmbH. 

(courtesy of AUDI AG and Thyssen AG)

Compared with this example, the images were created with SoS 3.0 demonstrating the new 

post processing capabilities of the new version. 

Figure 10 is excerpted from: 

Will, J. Integration of CAE-based optimization and robustness evaluation in virtual proto-

typing processes at Daimler using optiSLang, Daimler EDM Forum, Stuttgart, 2013 (copy-

right/courtesy of DAIMLER AG). 

Fig. 10: Detection of geometric deviations between two incompatible meshes of a car 

cowling. Illustrated are the fi rst 2 scatter shapes of the normal coordinate deviation ex-

plaining 90% of total variability. 

Random Fields

Fig. 9: Detection of geometric deviations and pre-process a consecutive analysis 

continue analysis
correlation structure with MOP

CAE process simulation 
e.g. forming simulation

2nd CAE process 
considering forming part scatter

process simuli lParameterization
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2nd CAE process
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detect deviations, export geometriesh t l t
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SH EAR TESTS FOR AUTOMOTIVE ELECTRON ICS 
Conducting a Finite Element simulation and parameter identifi cation, optiSLang and multiPlas are used for tests 
in the automotive industry to identify the shear and tensile strength parameters of the interface between mold 
compound and copper substrate. 

Optimization task
The goal of the documented analysis was the buildup of an 
appropriate mechanical model and the parameter identifi -
cation for the shear button test carried out at Bosch. The 
test has been performed at different hammer positions 
in order to identify the shear and tensile strength param-
eters of the interface between mold compound and copper 
substrate. For this purpose, nonlinear mechanical analyses 
with incremental loading up to the ultimate failure of the 
system were carried out.
To simulate the delamination of the interface as well as the 
cracking of the mold compound, the material library multi-
Plas was applied that uses multi-surface plasticity models 
at continuum element level. Besides the failure mecha-
nisms of the interface, it was necessary to include the crack 
properties of the mold compound in the simulation model. 
The main reason was the appearance of a compression 
force component during the shear test that causes a high 
shear resistance of the interface and fi nally leads to failure 
of the mold compound. In other words, the shear test is not 
only a test of the interface strength, but rather a test of the 
mechanical strength of the mold compound. In addition, 
the contact modeling at the hammer tip has been found 

as a key factor for a successful identifi cation of the model 
parameters. Other than expected this is especially true for 
the high hammer positions and can be explained by a lo-
cal stress resp. a local contact problem. Here, the strength 
properties of the mold compound also play an important 
role. Finally, a parameter set has been identifi ed that allows 
for the fi tting of all test shear forces. The fi t parameters 
have been found to be very sensitive to changes especially 
of the contact model and the mesh density.

Goal of the analysis
The objective of the analysis performed is the identifi cation 
of the model parameter for the recalculation of the delami-
nation process between mold compound and Cu-substrate 
during the button shear test.

For this purpose the following data are available:
 • geometric parameter of Cu-substrate, mold compound 

cone and shear hammer
 • maximum shear forces and corresponding displacements 

for 10 different hammer positions at room temperature 

CASE STUDY // AUTOMOTIVE INDUSTRY
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and corresponding failure images showing the interface 
after the debonding of the mold compound from the Cu-
substrate

The following questions are investigated:
 • recalculation of the shear test at all available hammer 

positions
 • identifying the failure mechanisms at the different ham-

mer positions
 • sensitivities of the interface parameter on the calculated 

shear forces
 • identifi cation of the material data which allow for the fi t-

ting of the maximum shear forces at low and high ham-
mer positions.

The complexity of the developed model requires a large 
computational effort to calculate the failure load of the 
system and therefore the parameter identifi cation was car-
ried out by applying the Meta Model of Optimal Progno-
sis (MOP) feature of the optiSLang software. The identifi ed 
data set was then recalculated by FEM to ensure the quality 
of the MOP. It has been found that the remaining differ-
ence between the solution based on the MOP and the FEM 
is within a ± 10% band width.

Simulation Model
Figure 1 gives an overview of the structure. The structure has 
been analyzed by applying symmetry conditions in the XZ-
plane and therefore in all fi gures only 1/2 of the model (Cu-
substrate, mold compound and hammer) is shown. In Figure 
2, exemplary two positions (lowest and highest) of the steel 
hammer are shown. From Figure 3, the detailed layered struc-
ture of the model can be seen. The red layer models the in-
terface between Cu-substrate and mold compound (multiP-
las – anisotropic joint with Mohr-Coulomb frictional law and 
softening). On top of the interface layer, three mold compound 
layers are assigned to an isotropic Mohr-Coulomb material 
(multiPlas – ideal plastic multi-layer joint) in order to model 
the fracture of the mold compound close to the interface. The 
applied Mohr-Coulomb material description of the interface is 
shown in principal in Figure 4. Figure 5 shows a typical shear 
stress distribution after initiation of the delamination process 
for one specifi c hammer position. The highest shear stresses 
appear at the location of the highest compressive stresses ac-
cording to the applied Mohr-Coulomb frictional law.

Sensitivity Analysis
A sensitivity analysis was carried out with optiSLang to un-
derstand the main effects and most important parameters 
for the parameter identifi cation. The input parameters 
are fi  (friction angle), coh (cohesion), ft (tensile strength), 
GI_fac (mode I fracture energy factor) and GII_fac (mode 
II fracture energy factor) of the interface material layer as 
well as cntfric (contact friction between shear hammer and 

mold compound cone) and cnttmax (maximum contact 
shear stress between hammer and mold compound). The 
outputs are the maximum shear forces and corresponding 
displacements at all different hammer positions.

Fig. 1: Steel hammer with shearing direction

Fig. 3: Interface layer (cohesive zone)

Fig. 2: Lowest and highest hammer position

Automotive Industry
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It has been found that at low and high hammer positions 
different parameters are of importance and complex mixed 
term regression models are needed to describe the systems 
behavior. In Figure 6 and Figure 8, the important parame-
ters with their Coeffi cients of Prognosis (CoP) are shown for 
the lowest and highest hammer position. As an example, 
the Anthill plot of friction angle and maximum shear force 
at the lowest hammer position is shown in Figure 7. The 
MOP is based on 200 Latin Hyper Cube samples and total 
CoP values larger than 95% enable the use of the Meta 
Model in later optimization or identifi cation tasks.

Parameter Identifi cation
The identifi cation of a unique parameter set which fi ts the 
simulation results to the experimental data for all different 
hammer positions has been performed by using the MOP-

Automotive Industry

Fig. 4: Mohr-Coulomb frictional law (multiPlas Mat #120) Fig. 7: Anthill plot – lowest hammer position

Fig. 5: Shear stress distribution in the interface layer Figure 8: Coeffi cients of prognosis – highest hammer position

Fig. 6: Coeffi cients of prognosis – lowest hammer position
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Solver of optiSLang. Therefore no direct solver calls are nec-
essary during the identifi cation and the solvers noise result-
ing from the non-linear limit load calculation is smoothed 
out by the response surface approximation.
As optimization procedure a global evolutionary algorithm 
has been applied to avoid the convergence to local optima 
which fi t only to specifi c hammer positions. In Figure 9 the 
history of this global search with more than 1000 realiza-
tions is shown. Of course this wouldn’t be possible if direct 

solver calls are used which require several hours or even 
days instead of a few seconds required by the MOP-Solver 
to approximate the solution based on a Meta model.

Figure 10 shows the comparison of the test and the simu-
lation data. In addition, the recalculated results of a few 
designs by direct FEM-Solver calls are plotted in Figure 10. 
It has been found that the difference is about +/- 10% com-
pared to the MOP-Solver approximation.

Conclusions
A fi nite element model has been developed that allows for 
the recalculation of all hammer positions in terms of maxi-
mum shear force Fmax and displacement Umax using a 
unique set of material data for the button shear test. This 
could be achieved by applying the material library multiPlas 
for the interface and mold compound material to take into 
account multi-surface plasticity constitutive laws (anisotro-
pic and isotropic Mohr-Coulomb and Drucker-Prager yield 
criterion). The Meta Model of optimal Prognosis (MOP) has 
been used to identify the important parameters and to fi t 
the simulation model to the shear test data. This approach 
has been found to be most suitable for such noisy and time 
consuming non-linear simulation models.

In general, it has to be mentioned that the Meta model it-
self (the response surface) is very complex due to the brittle 
softening of the materials and requires at least 200 DOE 
samples. Otherwise the nonlinear correlations of strength 
and energy parameters cannot be identifi ed.

Authors // J. Gromala (Robert Bosch GmbH, Automotive Elec-
tronics) / A. Müller, R. Schlegel (DYNARDO GmbH)

Fig. 9: Objective history global search

Automotive Industry

Fig. 10: Comparison of simulation and test results
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OPTIMIZATION I N TH E PL AN N I NG PHASE OF 
OPER ATIONS ON TH E FEM ALE BREAST 
For the surgical constitutive modelling of the female breast, material parameters can be optimized using fi nite 
element simulation with optiSLang and ANSYS based on MRI data and 3-D surface scanning. 

Optimization task
In the planning phase of operations on the female breast, 
e.g. breast reduction or breast reconstruction after tumour 
removal, surgeons usually have to rely solely on their ex-
perience acquired in previous procedures and their individ-
ual set of skills. Today, these interventions are commonly 
planned by manually drawing reference lines on the breast. 
Modern, computer-based planning tools have not yet found 
their way to the operating room. The benefi t of these meth-
ods has been shown in other disciplines like engineering 
and physics, but still there is a lack of acceptance in the 
medical sector, especially when it comes to surgery plan-
ning. However there is remarkable potential for these com-
putational methods in this fi eld of application.

For an accurate planning of breast surgeries it is fundamen-
tal, to have suffi cient understanding of the behaviour of the 
biological soft tissue under mechanical loading. For the sim-
ulation of the resulting deformations, numerical approaches 
such as the fi nite element analysis (FEA) are commonly used 
in mechanical and civil engineering. Even though numerous 
studies have been published to acquire material parameters 
with various material testing devices, yet no consensus could 

be found nor on the theoretical models to be used to simu-
late the mechanical behaviour of the breast’s soft tissue, 
nor on reliable magnitudes of parameters that describe its 
stiffness. Theoretical models range from simple linear elastic 
models over various hyper-elastic approaches, such as Neo-
Hookean, Mooney-Rivlin or Ogden to visco-elastic formula-
tions. In addition the stiffness which is described in literature 
for these tissues is not even always in comparable magni-
tudes: up to a factor of 30 lies between the softest and hard-
est material formulation that has been proposed, depending 
on the strain level. It is evident that there is further need for 
research on this subject.

Here, we want to introduce a method that takes advantage 
of the optimization algorithms provided by the software 
optiSlang to fi nd the optimal set of material parameters for 
the mechanical modelling of the breast’s soft tissue. The 
presented approach is applicable for different theoretical 
models and may deliver patient individual optimal material 
properties that may further be used as valuable input data 
for the simulation and planning of surgical interventions. 
For this procedure, a combination of magnetic resonance 

CASE STUDY // BIOMECHANICS
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imaging (MRI) and three-dimensional body surface scan-
ning (3-D) together with fi nite element simulations with 
the software package ANSYS is used in an automated pro-
cess chain. Material properties of the investigated tissues 
are used as design variables for parametric optimization 
loops on this process chain where simulation results are 
compared to the acquired patient individual imaging data.

Material and Methods
In contrast to other approaches that use tensile testing de-
vices to create stress-strain relationships for the investigat-
ed biological materials the procedure which is described in 
this paper does not involve any real physical test on speci-
mens. Instead it relies on two modern non-invasive imag-
ing methods that do not require any contrast agents to ac-
quire the necessary patient individual data.

Firstly, MRI imaging data is used to access the inner anat-
omy of the chest region of the test persons. However this 
imaging technique has the shortcoming that conventional 
MRI can only be performed for the patients lying horizon-
tally in the tube. Though, open MRIs where patients can 
stand upright do exist, they are more expensive and by far 
less common compared to the standard horizontal MRI de-
vices that are available in most hospitals.

Hence to acquire the standing positions a different tech-
nique was used: 3-D surface scanning. This bears the ad-
vantage of being relatively economically. With scanning 
devices that more and more leave the niche of expert ap-
plications and enter the consumer market, they can easily 
be afforded even for resident physicians in private practices. 
But of course these devices are only suited for the acquisi-
tion of the patients skin surface geometry and deliver no 
information about the underlying anatomical parts. Thus, 
a combination of both imaging modalities is still necessary. 
For the presented study, 3-D data derived from a collective 
of eight healthy female test persons was used.

3-D Surface Scanning
The imaging in upright position was performed using a sur-
face scanner that uses laser triangulation technique (Kon-
ica Minolta Co., Ltd., Osaka, Japan). This system has largely 
shown its applicability to breast shape measurements in 
preliminary studies of the research group Computer Aided 
Plastic Surgery at Klinikum rechts der Isar in Munich. The 3D 
surface scans of the subjects were performed in standing 
position on predefi ned markers on the ground under stan-
dardized lighting conditions with the scanner facing the 
participants in +30, 0 and -30 degrees relative to the lens 
in standing position. The volunteers were asked to inhale 
and hold their breath for the time of the acquisition. The so 
produced data was processed in appropriate software (Geo-
magic Studio 12®, Raindrop Geomagic, Inc., NC, USA) to cre-
ate one surface representation of each volunteer’s chest.

Magnetic Resonance Imaging
Volumetric Magnetic Resonance Imaging (MRI) data of 
eight volunteers was acquired with the aid of a Philips 
Achieva 1.5 Tesla MRI scanner, using a spacing of 0.994 mm 
x 0.994 mm x 2 mm. The thoracic images were obtained 

Fig. 1: Finite element models derived from segmentations of MRI data in prone position. 

Full body model (top), internal geometry of the pectoral muscles (middle), thoracic wall 

and fi xed system boundaries (bottom)
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with the participants lying in prone position. It was taken 
care that the breasts did not touch the bench, which was 
achieved by pillow support at the clavicle, neck and shoul-
der region as well as further down to the lower belly area 
and the pelvic crest region. However the breast soft tissue 
is not without deformed because gravity forces still act and 
cause a non-negligible deformation of the breast. Thus only 
the shape of the free hanging breast can be delivered for 
further processing in imaging software packages. The volu-
metric MRI data was segmented (used software: Mimics® 
14.0, Materialise Inc., Leuven, Belgium) into different ana-
tomical compartments and fi nite element models were de-
rived out of this data.

Finite Element Simulations
Boundary conditions in the simulation were rigid fi xation at 
the thoracic wall (i.e. the rib cage) and at the lateral system 
boundaries that have been defi ned by a standardized box 
around the region of interest of the simulation. In order to 
focus on the breast soft tissue behaviour solely, in the here 
used modelling the muscular tissue has been approximat-
ed to be rigidly fi xed as well. An example for a utilized fi nite 
element mesh including the system boundaries is shown in 
fi gure 1. The theoretical material model that has been used 
in this particular study was the hyper-elastic Neo-Hookean 
formulation.

Iterative inverse calculations
As previously mentioned the starting confi gurations of the 
models that are based on MRI images taken in prone positions 
may not directly be used for fi nite element simulations be-
cause of the unknown initial deformation due to gravity. Due 
to the soft constitution of the tissue, the breast is highly de-
formed even if besides gravity no other forces are acting. But 
for mechanical simulations, an unloaded state of the geom-
etries has to be known to be used as the starting geometry by 
the simulation. Calculating the non deformed reference state 
out of a known deformed confi guration can be classifi ed as an 
inverse problem. Due to the high deformation and the hyper-
elastic material behavior, a simple, one-step inverse calcula-
tion with inversed gravity loading is not satisfyingly accurate. 
To address this issue in this work, a heuristic approach has 
been used and has been implemented in ANSYS APDL. This 
procedure is capable of calculating a stress free representa-
tive of the model based on a geometry which has been ac-
quired under gravitational loading. The principle workfl ow 
of the method is shown in fi gure 2. 

Fig. 2: Principle sketch of the iterative procedure for the approximation of the load free 

confi guration.

Figure 3: Principle workfl ow of the whole approach. The ANSYS calculation includes the iterative procedure visualized in Fig. 2.
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This inverse procedure delivers an approximation of the 
stress free geometry of the breast. This model may be used 
for further simulations of different loading scenarios, while 
in the present workfl ow it is used to calculate the breast 
geometry in upright standing position.

Optimization loop
For the integration of the described procedure into an op-
timization loop, it is necessary to defi ne an objective value. 
Since we need to fi nd material parameter sets that are suit-
able for the utilization for accurate person individual simu-
lation planning, a comparison between the simulation re-
sult of the standing position and the real skin surface of the 
volunteers taken from the 3-D scans is performed.
It is essential to bring the 3-D surface scan in best align-
ment with the simulation result in order to compute the 

3-D displacement, formulated as the area integrated 3-D 
distance at each node of the FEA mesh. This leads to one 
single output parameter that can be interpreted as the 
correspondence between surface scan and FEA simulation 
result. Thus, it becomes possible to summarize the whole 
deviation into one value that needs to be minimized with 
the appropriate parameters for the mechanical behaviour. 
The whole process chain is visualized in fi gure 3.
As design variables that describe the mechanical behaviour 
of the soft tissue with Neo-Hookean material, Young’s mod-
ulus and Poisson’s ratio have been used that are inside the 
loop transformed to their hyper-elastic representations in 
initial shear modulus and initial bulk modulus.
For these particular optimizations the design space bound-
aries were set to be 0.39 - 1.17 kPa for the Young’s modulus. 
This equals a variation of +/- 50 % in relation to a value from 
literature that has shown to be a fairly good fi rst guess for 
the material stiffness. The second design parameter was 
the Poisson’s ratio which has been varied in the scope of 0.3 
to 0.5, meaning fully incompressible material behaviour.
Adaptive response surface method was used to optimally 
illuminate the design space and to draw maximal infor-
mation about the overall system behavior out of the per-
formed simulations.

Results
The applicability of the presented workfl ow for the simula-
tion of the breast could be shown. The whole process chain 
is automated and thus provides an easy to use interface for 
the validation of different material parameters. In fi gure 5, 
a typical result of an optimization run is shown. It is evi-

Fig. 4: Simulation results of the standing position with different material parameter sets: 

A much too stiff material behavior (left) and a more appropriate confi guration (right). 

Deviations between the calculated standing position and the scanned 3-D surface visual-

ized as color plots.

Fig. 5: Example of a response surface of an optimization with ARSM (adaptive response surface method). Young’s modulus (E, factors to 0.13 kPa) and Poisson’s ratio (PR) are plotted. Mean devia-

tion between 3-D surface scan in standing position and FEA result in mm is shown as the height of the response surface as it is objective value that is to be minimized.
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dent that there is a clearly defi ned optimum, i.e. the set of 
material parameters that is best suited to describe the real 
mechanical behaviour of the correspondent test person’s 
breast. Looking fi rst at the variations in Poisson’s ratio, there 
is a decrease towards higher values, meaning less compress-

ibility. Thus the commonly used assumption of biological soft 
tissues to be incompressible or at least nearly incompressible 
can be confi rmed by these fi ndings. Since this is true for all 
tested models, in future work it seems no more necessary to 
deal with compressible material models at all, resulting in 
the reduction of unknown material parameters.
Taking a further look at the material stiffness (fi gure 6), the 
Young’s modulus, a clearly defi ned optimal position can be 
found. The model behaviour is described by a shallow slope 
when coming from high Young’s moduli and a relatively steep 
increase when the material parameters become too soft. For 
all optimizations performed in the present study, defi ned 
global optima could be found. The individual optima for the 
eight test persons were found within the range of 0.494 kPa 
to 0.852 kPa for the Young’s modulus. Hence, between the 
different test persons relatively high differences in soft tis-
sue stiffness of 72.5% could be investigated, underlining the 
need for patient individual simulations.

Discussion
The advantage of the whole workfl ow presented here is the 
non-invasive character as a combination of volume imag-
ing (MRI) and 3-D surface scanning (laser triangulation) 
and the involvement of the computer for the actual simula-
tion. No tissue samples of the patient’s soft tissue have to 
be harvested what is especially a critical issue if the me-
chanical information derived from these specimens should 
be used in operation planning, because this would mean 
an additional intervention for the patient. Furthermore, the 
expensive and cumbersome experimental testing can be 
circumvented.

The high variation in stiffness of almost a factor of 2 be-
tween the softest and the hardest optimal material pa-
rameter set found in this study shows the distinct need for 
the patient individual assessment of soft tissue material 
parameters. Thus patient specifi c simulations seem inevi-
table. Hence, the advantages of this non-invasive and fully 
computerized approach become obvious.

Outlook
The workfl ow presented in this publication may in the 
future be used for the material parameter assessment of 
hyper-elastic parameters that are suited for patient individ-
ual modelling of the constitutive behaviour of the female 
breast soft tissue. These data may subsequently be utilized 
for numerical simulations and planning of complex surgical 
interventions in plastic surgery.

The presented approach is not limited to its application 
in plastic surgery of the female breast. Other uses of this 
procedure for different body parts, e.g. for abdominal sur-
gery or the simulations of soft tissue compression caused 
by prostheses in orthopedic treatments, are also possible 
but need to be further investigated. Besides these medical 
utilizations, there are also applications beyond that scope 
in other fi elds of science, e.g. in the determination of mate-
rial properties of polymer components.

However, more complex models as the ones that have been 
used in the study presented here may in future be neces-
sary when it comes to the application in breast surgery 
planning. For instance, more different anatomical regions 
such as the muscular soft tissue as well as a distinction of 
soft tissue into an adipose and a glandular compartment 
may yield more accurate anatomical models. These models 
may contain more tissues with unknown material proper-
ties, thus the dimensionality of the design space increases 
and hence the optimization task becomes more complex. 
Furthermore the infl uence of the modeling of the skin may 
have a decisive role, especially when the anisotropic ma-
terial properties are considered. For these models, as well 
as for the use of more complex theoretical models such as 
Mooney-Rivlin or Ogden with more parameters than just 
stiffness and compressibility that can be varied, the benefi t 
of the optimization software OptiSlang becomes instantly 
more pronounced.

Authors // S. Raith, M.Eder, A.Volf, L. Kovacs (Research Group 
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für Plastische Chirurgie und Handchirurgie, Klinikum rechts 
der Isar, Technische Universität München)
J. Jalali (Institute of Medical Engineering at the Technische 
Universität München, IMETUM)
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Fig.6: Reduction of the design space to have only one free design variable which is the 

Young’s modulus. The Poisson’s ratio in this variant is fi xed to full incompressibility. Then, 

clearly defi ned optima can be found as see by the red approximation curve.
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MODEL CALI BR ATION OF A R AI LWAY VEH ICLE 
With the help of optiSlang, calibration of a numerical model of Alfa Pendular train, including the car body, bogies 
and passenger-seat system, was conducted based on the natural frequencies and modal confi gurations estimated 
from dynamic tests.  

Optimization task
When interacting with the railway track, moving trains 
induce vibrations that can affect the structural stability 
of the infrastructure, the stability of the track and of the 
wheel–rail contact and passengers’ comfort. Complex mod-
els of the train-track coupled system are developed in order 
to perform an accurate analysis of the dynamic behaviour. 
In this type of models the modelling of the vehicles is con-
ducted based on formulations grounded on the multi body 
dynamics and on formulations based on the fi nite-element 
method. In formulations based on the multi body dynamics, 
the car body, bogies and axles of the vehicles are modelled 
through rigid structures connected by springs and dampers 
which simulate the primary and secondary suspensions. In 
formulations based on the fi nite-element method it is pos-
sible to consider the deformability of the car body, bogies 
and axles. The development of these models requires the 
knowledge of the geometrical and mechanical parameters 
of the vehicle’s structure. 

The use of models which consider the deformability of the 
car body of the vehicle becomes more important due to the 
tendency to use increasingly lighter and slender structures 

in the manufacture of trains to reduce weight and construc-
tion costs. It has been shown that the fl exural vibration of 
the car body may contribute, in a large extent, to the accel-
erations that passengers are subjected to. The frequencies 
of these vibration modes range from 8.5 Hz to 13 Hz, which 
is signifi cantly relevant regarding human beings’ sensitivity 
to vibration.

This article describes the calibration of a numerical model 
of an Alfa Pendular train vehicle base on modal parameters. 
The modal parameters of the vehicle were determined 
based on a set of forced vibration tests that focused spe-
cifi cally on the car body, bogie and passenger-seat system. 
The calibration of the numerical model was conducted us-
ing a multistep approach involving two phases: the fi rst 
phase concerned the calibration of the model of the bogie 
and the second phase focused on the calibration of the 
complete model of the vehicle. The calibration methodol-
ogy involved a sensitivity analysis and an optimization. The 
global sensitivity analysis was based on a stochastic sam-
pling technique and allowed the identifi cation of the nu-
merical parameters that most affect the modal responses 

CASE STUDY // RAILWAY INDUSTRY 
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and, therefore, should be included in the optimization of 
the model. The optimization was carried out based on an 
iterative procedure using a genetic algorithm. A mode pair-
ing criterion based on the modal strain energy using the 
Enhanced Modal Assurance Criterion (EMAC) was used to 
achieve the correct pairing of the numerical and experi-
mental vibration modes. Finally, the modal parameters 
of the calibrated numerical model are compared with the 
modal parameters of the initial numerical model.

Numerical modelling

Description
The modal analysis of the BBN vehicle was performed using 
a three-dimensional fi nite element model developed in the 
ANSYS software. The use of a fi nite-element formulation 
allows considering the infl uence of the deformability of 
the car body, bogies and axles. Figure 1 presents a perspec-
tive of the numerical model. The car body was modelled by 
shell-fi nite elements while the bogies were modelled by 
beam-fi nite elements, with the exception of the suspen-
sions, the connecting rods and the tilting system which 
were modelled by spring-damper assemblies. Additionally, 
the passenger-seat system was modelled, in a simplifi ed 
manner, by a one-DOF system composed of a mass over a 
spring-damper assembly. The masses of the equipment lo-
cated in the under-fl oor of the car body and bogies were 
simulated through mass elements. The structure was dis-
cretised with 1082 shell elements, 1029 beam elements 
and 148 spring-damper assemblies. The total number of 
nodes is 1902, corresponding to 10,704 degrees of freedom.

Car body
Table 1 presents the main geometric and mechanical pa-
rameters of the car body’s numerical modelling, including 
the designation, the selected value, the unit and the biblio-
graphic references that were used. Additionally, the charac-
teristics of the statistical distribution of some of the param-
eters, later used in the calibration phase of the model are 
also shown. Figure 2 identifi es the panels of fi nite elements 
considered in the numerical modelling of the car body in 
correspondence with the base, cover and side walls. In the 

modelling of the side walls special 
attention was given to the position-
ing of openings corresponding to 
windows and access doors. The fi nite 
elements that simulate the various 
panels have length l and constant 
thickness e and are constituted by 
elastic and orthotropic materials. 
The thickness of each panel was 
determined based on the condition 
that the cross-sectional area of the 

fi nite-element panel is equal to the cross-sectional area of 
the real panel. The inertia correction of the panels, in direc-
tions x and z, was performed using the RMI parameter (Ra-
tio of the bending Moment of Inertia):

in which  is the real inertia of the panel and  is the 
inertia calculated based on the thickness of the shell-fi nite 
element. The additional masses of the base, side walls and 
cover of the car body refer to the mass parcels of the item 
others under the component equipment and were uni-
formly distributed on the surface of the respective structur-
al elements. The stiffness and damping parameters of the 
secondary suspension elements as well as their respective 
variation limits were estimated based on the values provid-
ed by the train’s manufacturer.

Bogie
Figure 3 (see page 22) presents a perspective of the numeri-
cal model of the bogie. The chosen colours, combined with 
the legend, facilitate the identifi cation of the different el-
ements of the bogie. The beam elements connecting the 
wheel sets to the axle box have zero stiffness around their 
axle, so as to simulate the linkage with the axle box. The 
support conditions imposed on the bogie, particularly on 
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Fig. 1: Numerical model of the BBN vehicle

Fig. 2: Finite-elements panels from the numerical modelling of the carbody
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the girders and on the tilting and load bolsters, allow trans-
lational vertical movements and rotations around the x and 
z axes, preventing any other movements. Table 2 shows 
the geometrical characteristics of the sections of the vari-
ous elements. The geometric characteristics are expressed 
in terms of the area (A) and inertias (I). Table 3 (see page 
22) describes the main mechanical and geometrical param-
eters of the numerical model and the characteristics of the 
statistical distribution of certain parameters, which will be 
used in the model’s calibration phase. 

The stiffness and damping parameters of primary suspen-
sion elements and their respective variation limits were esti-
mated based on information from the manufacturer. The ad-
ditional mass of the bogie, at the girders, crossbars and axles, 
is related to the mass of springs, dampers, connecting rods, 
links, reinforcement plates, axle boxes and others. These 
masses were linearly distributed in the different elements. In 
what concerns the girders the additional mass was further 
divided into two parcels according to their location: in the 
central zone, i.e. in the sections located between the cross-
bars and at the extremities. The wheel–rail connection was 
modelled by a spring element with unidirectional behaviour.

Railway Industry

Element Cross-section Geometrical 
characteristics

Axle

A = 0.00778 m2

Ix =  0.267 × 10−4 m4

Iy = 0.267 × 10−4 m4

Iz = 0.534 × 10−4 m4

Girder 
(central 
zone)

A = 0.01093 m2

Ix = 0.857 × 10−4 m4

Iy = 0.887 × 10−4 m4

Iz = 0.121 × 10−3 m4

Crossbar

A = 0.00718 m2

Ix = 0.210 × 10−4 m4

Iy = 0.210 × 10−4 m4

Iz = 0.421 × 10−4 m4

Tab. 2: Geometric characteristics of the structural elements of the bogies

Statistical distribution

Parameter Designation Type Average value/ 
standard deviation

Limits
(lower/upper) Adopted value Unit

KS1 Stiffness of
the vertical
secondary
suspension

Front bogie Uniform 256.4/7.5 247/272.9 256.4 kN/m

KS2 Rear bogie

cS
Vertical secondary suspen-
sion damping

Uniform 35/3.0 29.8/40.3 35 kN s/m

cAL Yaw suspsion damping Uniform 400/34.6 340/460 400 kN s/m

Kb

Stiffness of the tilting
bolster-load bolster
connection rod

Uniform 20,000/8660 5000/35,000 20,000 kN/m

ρalum Aluminium density – –/– –/– 2700 kg/m3

E
Modulus of deformability
of aluminium

– –/– –/– 70 GPa

RMIb
Corrective
factor of the
moment of
inertia

Base Uniform 225/101 50/400 90 –

RMIp Side walls Uniform 90/34.6 30/150 114 –

RMIc Cover Uniform 300/57.7 200/400 386 –

 Mb

Additional
mass

Base Uniform 70/11.5 50/90 70 %

 Mp Side walls Uniform 20/8.7 5/35 20 %

 Mc Cover Uniform 7.5/4.3 0/15 10 %

ebas

Equivalent
thickness

Base – –/– –/– 10.2 mm

epar Side walls – –/– –/– 10.3 mm 

ecob Cover – –/– –/– 8.8 mm

Tab. 1: Characterisation of the main parameters of the numerical model of the carbody
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Fig. 3: Numerical model of the bogie

Railway Industry

Statistical distribution

Parameter Designation Type Average value/ 
standard deviation

Limits
(lower/upper) Adopted value Unit

KP

Stiffness of the primary 
suspension

Uniform 564/26.6 518/610 564 kN/m

cP

Damping of the primary 
suspension

Uniform 18/1.6 15.3/20.7 18 kNs/m

Kbls
Stiffness of 
the axle box 
connecting 
rods

Upper Uniform 6.5/0.8 5.2/7.8 6.5 MN/m

Kbli
Lower Uniform 25/2.9 20/30 25 MN/m

Krc

Stiffness of the wheel–rail 
connection

– –/– –/– 1.5674 × 109 mN/m

 Mlc

Additional-
mass

Girder
(central area) 

Uniform 75/43.3 0/150 42 kg/m

 Mle
Girder
(extrimities)

Uniform 30/17.3 0/60 38 kg/m

 Mt Crossbar Uniform 125/72.2 0/250 92 kg/m

 Me Axles – –/– –/– 271 kg/m

Tab. 3: Characterisation of the main parameters of the numerical model of the bogie 

Element Mode Nature of vibration mode Damped 
frequency (Hz)

Undamped 
frequency (Hz)

Carbody

1C

Rigid body

Rolling 0.86 0.82

2C Bouncing 1.04 1.00

3C Pitching 1.42 1.33

4C

Structural

First distortion 10.21 10.21

5C First bending 16.20 16.20

6C First torsion 15.05 15.03

Bogies

1B

Rigid body

Bouncing 8.21/8.18 6.57/6.26

2B Rolling 4.89/5.28 4.09/4.53

3B Pitching 12.10/12.04 9.50/9.41

Tab. 4: Numerical natural frequencies of the carbody and bogies
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Modal parameters
Table 4 shows the damped and undamped natural fre-
quencies of the main vibration modes of the BBN vehicle. 
In what concerns the bogies, for modes 1B and 2B, there 
are different frequency values according to the movement 
of the two bogies in phase and in antiphase, respectively. 
In the 3B mode, the different values of the frequencies are 
related to the isolated movements of the left and right bo-
gies, respectively. The modal results show differences be-
tween damped and undamped natural frequencies. These 
differences are more notorious for the rigid body modes of 
the car body and bogies since these modes involve signifi -
cant movements of the suspensions. In case of the bogies 
the differences are even more important since this addi-
tional damping is provided simultaneously by the primary 
and secondary suspensions. Figure 4 illustrates the modal 
confi gurations associated with rigid body modes (1C, 2C 
and 3C) and structural modes of distortion (4C), bending 
(5C) and torsion (6C) of the car body. In these modes the 
movements of the bogie have very low amplitude. Figure 5 

shows the modal confi gurations, in perspective and cross-
section view, of a bogie of the vehicle. Mode 1B comprises 
the bouncing movement of the bogie. Modes 2B and 3B 
comprise the rolling and pitching movements of the bogie, 
respectively. In these modes the car body shows very lim-
ited movements.

Calibration methodology
The results of the conducted experimental tests of the BBN 
vehicle involving the dynamic tests of the car body, bogie and 
passenger-seat system are used to calibrate the numerical 
model of the vehicle. The calibration of the numerical model 
of the BBN vehicle was performed using an iterative method 
based on an optimisation technique. This method consists 
on the resolution of an optimisation problem, which consists 
of the minimisation of an objective function by varying a set 
of the preselected model parameters. The pre selection of 
the numerical parameters is carried out based on a global 
sensitivity analysis. Figure 6 (see page 24) presents a fl ow-

Railway Industry

Fig. 4: Numerical rigid body and structural modes of vibration of the carbody Fig. 5: Numerical modes of vibration of the bogies
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chart illustrating the iterative method of calibration based 
on a genetic algorithm involving the use of three software 
tools: ANSYS, MATLAB and optiSLang. The main aspects of 
the implemented calibration methodology are described in 
reference. The calculation of modal parameters in systems 
with proportional damping matrix is based on a classic 
modal analysis [1]. In systems with non-proportional damp-
ing matrix the same calculation is based on a state-space 
formulation. The mode-pairing technique aims to establish 
a correspondence between experimental and numerical vi-
bration modes. This task is often complex due to alterations 
in the order of the numerical modes, resulting from varia-
tions on the numerical parameters which occur during the 
optimisation process and also due to the limited number of 
degrees of freedom of experimental modes, which increases 
the number of possible correspondence between numerical 
and experimental modes. In this paper the correspondence 
between numerical and experimental modes is performed 
through an energetic criterion based on the modal strain 
energy and on the EMAC parameter. The objective function 
(f) is defi ned based on the differences between the numeri-
cal and experimental modal parameters [1]:

where  and  are the experimental and numerical 
frequencies referring to mode  and  are the vec-
tors containing the experimental and numerical modal in-
formation related to mode i, a and b are weighting factors 
of the objective function terms and n is the total number of 
vibration modes.

Calibration
The experimental calibration of the numerical model of the 
BBN vehicle was performed based on modal parameters 
which were identifi ed by the dynamic tests of the bogie and 
car body. The fi rst phase focused on the calibration of the 
numerical model of the bogie under test conditions [1]. The 
second phase focused on the calibration of the complete 
numerical model of the vehicle. The numerical parameters 
of the bogie estimated in the fi rst phase were assumed as 
deterministic parameters in the second phase.

Calibration of the bogie

Numerical model under test conditions
The calibration of the numerical model of the bogie forced the 
development of a model that would reproduce the specifi c 
conditions of the test. Changes to the original model involved 
the removal of springs and dampers from the secondary sus-
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pensions and from the tilting and load bolsters. Elements were 
also added to simulate the interface between the bogie and 
the actuation system, including distribution blocks and elastic 
blocks of the secondary suspensions. Rigid supports were in-
troduced, at the contact point of the hydraulic actuators, with 
the ability to assume different positions, thus meeting the de-
viations of the contact point in the longitudinal (x) and trans-
verse (z) directions. The elastic blocks of the suspension were 
modelled by spring elements positioned in the vertical direc-
tion. The stiffness of the contact between distribution blocks 
and elastic blocks of the suspension was also modelled, in the 
x and z directions, through spring elements. Table 5 describes 
the mechanical and geometrical parameters of the numerical. 
These parameters should be considered together with the pa-
rameters indicated in Table 3. 

The position of the contact point with the actuation system, in 
longitudinal and transverse directions, may assume different 
values for the left and right hydraulic actuators. The longitudi-
nal position of the actuator was limited to positions 2–8.

Sensitivity analysis
Figure 7 shows the results of the global sensitivity analysis 
using Spearman’s rank correlation coeffi cient. This sensi-
tivity analysis was performed using a stochastic sampling 
technique based on 500 samples generated by the Latin Hy-
percube method. This analysis was based on the parameters 
intervals presented in Tables 3 and 5. The correlation coeffi -
cients between [−0.25, 0.25] were excluded from the graphi-
cal representation. The random generation of samples, par-
ticularly the parameters of the bogie’s additional mass, was 
subject to the following restrictions:

where  equals 842 kg, and Llc, Lle and L
t
 represent the to-

tal length of the central area of the girders, the extremities of 
the girders and crossbars, equal to 4.46 m, 3.56 m and 5.26 m, 
respectively, and  is a tolerance considered equal to 150 kg.

The correlation matrix shows that the stiffness of the pri-
mary suspensions, the additional mass of the girders (cen-
tral area and extremities) and the stiffness of the lower 
traction rod of the axle box have signifi cant infl uence over 

the vibration frequencies. In turn, the position of the ac-
tuators affects MAC values, particularly in modes 1BT. The 
vertical stiffness of the secondary suspension blocks infl u-
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Statistical distribution

Parameter Designation Type Average value/ 
standard deviation

Limits
(lower/upper) Adopted value Unit

Kb

Stiffness of 
the secondary
suspension’s 
elastic block

Dir y a Uniform 12,000/1732 9000/15,000 12,000 kN/m

Kbtl
Dir x and Dir za Uniform 25,250/14,289 500/50,000 5000 kN/m

Posle

Position of
the contact
point of the
actuation
system

Dir xa   Left side Uniform 5/1.7 2/8 5 -

Posld
              Right side

Poste
Dir za   Left side Uniform 0/0.6 −1/1 0 -

Postd
              Right side

Em Modulus of deformability of wood Uniform 8/2.3 4/12 10 GPa

Tab. 5: Characterisation of the parameters of the numerical model of the bogie under test conditions (aAccording to the referential of Fig.: 8)

Fig. 7: Spearman’s rank correlation coeffi cient between the parameters and responses of 

the numerical model of the bogie under test conditions
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ences the vibration frequencies and also the MAC values 
in a signifi cant way. The remaining analysed parameters 
do not have signifi cant infl uence on the modal responses 
and were therefore excluded from the optimisation phase. 
The infl uence of the primary suspensions’ stiffness over the 
frequencies of modes 1BT and 4BT, for which the distance 
between the suspensions and the rotation axle of the bogie 
is larger, should be emphasised. In these modes the elastic 
block of the suspension has no infl uence over the responses 
due to its location near the rotation axle. It is not the case of 
the frequencies of modes 2BT and 3BT, which involve trans-
verse translation and rotation of the bogie, respectively, 
and for which the stiffness of the suspension blocks, com-
pared with the primary suspensions, is decisive for control-
ling the responses.

Optimisation
The optimisation of the model involved fi nally 10 numerical 
parameters and 16 modal results (8 vibration frequencies 
and 8 MAC values). The genetic algorithm was based on an 
initial population of 30 individuals considering 250 genera-
tions, in a total of 7500 individuals. The initial population 
was randomly generated by the Latin Hypercube method. A 
number of elites equal to 1 and a number of substitute indi-
viduals also equal to 1 have been defi ned in this algorithm. 
The crossover rate was assumed to be 50% and the mutation 
rate was considered equal to 15% with a standard deviation 
variable along the optimisation between 0.10 and 0.01.

The objective function is identical to that shown on page 24 
considering a total number of vibration modes equal to 8 and 
weighting factors a and b equal to 1. The optimisation prob-
lem still includes restrictions related to the parameters of ad-
ditional mass of the bogie. Optimal values of the parameters 
were obtained from the results of four independent optimisa-
tion cases (GB1–GB4) based on different initial populations. 
Figure 8 shows the ratios of the values of each parameter of 
the model in relation to the limits indicated in Tables 1, 3 and 
5. The limits of the distributions of some of the parameters 
were extended, such as the cases of the stiffness of the pri-
mary suspension (500/1000 kN/m), and the stiffness of the 
axle box’s traction rods (3/10 and 10/40MN/m) due to the 
systematic tendency of the optimum solutions of these pa-
rameters to reach the limits indicated in Table 3. A 0% ratio 
means that the parameter coincides with the lower limit. A 
ratio of 100% means that it coincides with the upper limit. The 
stiffness and damping parameters of the primary suspension 
and increments of mass are presented in Figure 8a indicating, 
in brackets, the numerical parameters’ values.

The parameters related to the elastic elements (blocks and 
rod) and actuation system is shown in Figure 8b. The ana-
lysed parameters present a good stability with variations 
below 10%, except for the damping of the primary damper. 
This is one of the parameters that the sensitivity analysis 
has shown to have a smaller infl uence over the numerical 

responses. Figure 9 summarises the error values between 
the numerical and experimental vibration frequencies, tak-
ing as reference the average values of the experimental fre-
quencies, and the values of the MAC parameter, before and 
after calibration. The results after calibration are related to 
optimisation case GB2, which was the one presenting the 
lowest residual of the objective function. The average error 
of the frequencies decreased from 10.6% before calibration 
to 0.8% after calibration. In turn, the average value of the 
MAC parameter increased from 0.894 before calibration to 
0.953 after calibration. As visualised in Figure 10, the ex-
perimentally obtained and numerically derived optimised 
modal confi gurations of the bogie coincide almost perfectly.

Railway Industry

Fig. 8: Values of numerical parameters for optimisation cases GB1–GB4: (a) stiffness and 

damping of the primary suspension and increment of masses; (b) characteristics of the 

elastic elements and actuation system

Fig. 9: Comparative analysis of the errors of experimental and numerical responses,before 

and after calibration: (a) vibration frequencies; (b) MAC
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Calibration of the complete model of the BBN 
vehicle

Sensitivity analysis
Figure 11 presents the results of the global sensitivity anal-
ysis using Spearman’s rank correlation coeffi cient. The sen-
sitivity analysis was performed using a stochastic sampling 
technique based on 250 samples generated by the Latin 
Hypercube method. This analysis was based on the param-
eters intervals presented in Table 2. The random generation 
of samples, particularly for the parameters of the car body’s 
additional mass, was subject to the following restrictions:

where  and L
t
 represent the additional mass on the 

base, side walls and cover, respectively, and  is a tolerance 
equal to 10%. The mode pairing was performed by applica-
tion of a technique based on the modal strain energy and 
on the EMAC parameter. The correlation matrix shows that 
the stiffness of secondary suspensions, from front (KS1) 
and rear (KS2) bogies, has signifi cant infl uence over the fre-
quencies and MAC values of the rigid body modes of the 
car body. In turn, the RMI parameters from the base (RMIb) 
and side walls (RMIp) essentially control the frequencies 
and MAC values of the structural modes of the car body. 
The parameters additional mass and stiffness of the con-
necting rod between the tilting and load bolsters (Kb) have 
signifi cant infl uence over the vibration frequency of mode 
1C. The remaining analysed parameters did not have sig-
nifi cant infl uence with respect to the modal responses, and 
were consequently excluded from the optimisation phase. 

It is possible to verify that the fl exural 
stiffness of the side walls, which is 
controlled by the walls’ RMI param-
eter, is important for controlling the 
torsional stiffness of the car body, as 
demonstrated by the high value of 
the correlation coeffi cient between 
the walls RMI parameter and the fre-
quency of mode 4C.

Optimisation
The optimisation of the model fi nally 
involved 7 numerical parameters and 
10 modal results (5 vibration frequen-
cies and 5 MAC values). The control 
parameters of the genetic algorithm 
and the objective function are identi-
cal to those in the optimisation of the 
bogie. The optimisation problem also 
included constraints involving the car 
body’s additional mass parameters. 
Optimal values of the parameters 
were obtained from the results of 
four independent optimisation cases 

(GC1–GC4) based on different initial populations. Figure 12 
(see page 28) shows the values’ ratios of each parameter 
of the model in relation to the limits given in Table 1. The 
lower and upper stiffness limits of the secondary suspen-
sion were extended from 242 and 272.9 kN/m to 200 and 
400 kN/m, respectively. Parameters related to the charac-
teristics of the secondary suspension, connecting rod and 
geometrical properties of the car body are presented in 
Figure 12a indicating, in brackets, the estimated values for 
the stiffness of the secondary suspension. The parameters 
referring to mass distribution are presented in Figure 12b. 

It is noticeable that the most stable parameters, with varia-
tions below 10%, are those that most affect the responses, 
including the stiffness of secondary suspensions and RMI 
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Fig. 11: Spearman’s rank correlation coeffi cient between the parameters and responses 

of the carbody’s numerical model

Fig. 10: Comparison between the experimental and numerical vibration modes of the bogie after calibration
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parameters of the base and side walls. The stiffness values 
of the front bogie’s secondary suspension are higher than 
those estimated for the rear bogie. Regarding the addition-
al masses of the side walls and cover, the estimates show 
higher variations, close to 25%. This should be related to 
the fact that these parameters contribute in a similar way 
to the participant mass on vibration mode 1C. Therefore, 
there may be different combinations of these parameters 
leading to the same solution, in terms of optimisation of 
the problem. Figure 13 summarises the error values of the 
numerical and experimental vibration frequencies taking 
as reference the average values of the experimental fre-
quencies, and of the MAC parameter, before and after cali-
bration. The results after calibration are related to the GC1 
optimisation case, which was the one with the lowest fi nal 
residual of the objective function. The frequencies’ aver-
age error dropped from 20.3%, before calibration, to 2.9%, 
after calibration. This error decrease is mainly due to the 
reduction of the error associated with the frequencies of 
structural modes 4C and 5C. The average value of the MAC 
parameter did not change signifi cantly, increasing from 
0.927, before calibration, to 0.937, after calibration. The ex-
cellent agreement between the car body’s experimentally 
obtained and numerically derived optimised modal con-
fi gurations can be verifi ed in Figure 14.

Final results
The combination between the numerical parameters, ob-
tained for the optimisation case of the bogie GB2, and the 
parameters obtained in optimisation case of the complete 
vehicle GC1, were the basis for the establishment of the ve-
hicle’s calibrated numerical model. Table 7 presents the val-
ues of the damped vibration frequencies of the main vibra-
tion modes of the BBN vehicle obtained from the calibrated 
numerical model. Comparing the values of the frequencies 
with the values given in Table 4, concerning the initial nu-
merical model, there is a visible tendency towards the fre-
quency increase on the rigid body modes of the car body 
and bogies, being that, in the bogies’ case, this increase 
ranged from 10% to 55%. This tendency is due to the sig-
nifi cant increase of the stiffness of the primary and second-
ary suspension springs. In turn, the structural modes of the 
car body, particularly modes 4C and 5C showed a decreased 
tendency of approximately 20%, mainly due to the reduc-
tion of the RMI parameter of the car body’s side walls.

Conclusions
This article described the calibration of the numerical 
model of a BBN vehicle of the Alfa Pendular train based on 
modal parameters. The calibration of the numerical model 
was conducted through an iterative methodology based 
on an optimisation algorithm and was performed using a 
multistep approach involving two phases: the fi rst phase 
focused on the calibration of the model of the bogie under 

test conditions and the second focused on the calibration 
of the complete model of the vehicle. Global sensitivity 
analysis allowed the identifi cation of numerical param-
eters to be considered in the calibration. The parameters 
that have shown the highest sensitivities in relation to the 
modal responses were, for the bogie, the vertical stiffness 

of the secondary suspension block and the vertical stiff-
ness of the primary suspensions. As for the car body, the 
RMI parameters of the base and side walls and the vertical 
stiffness of the secondary suspension were the parameters 
with highest sensitivity in relation to the modal responses. 
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Fig. 12: Values of numerical parameters for optimisation cases GC1–GC4: (a) characteristics 

of the suspension, connecting rods and geometrical properties of the carbody; (b) masses

Fig. 13: Comparative analysis of the errors from the experimental and numerical responses, 

before and after calibration in terms of: (a) vibration frequencies; (b) MAC
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The optimisation was conducted using a genetic algorithm 
involving a total of 17 numerical parameters and 26 modal 
responses. The results of the optimisation cases of the bo-
gie and vehicle, based on different initial populations, led 

mostly to very stable numerical parameters’ values, par-
ticularly for those highly correlated with the responses. The 
comparison between the numerical vibration frequencies’ 
values, before and after calibration, and the experimental 
vibration frequencies, has revealed signifi cant improve-
ments on the initial numerical models. The average error 
of vibration frequencies of the modes of the bogie under 
test conditions went from 10.6%, before calibration, to 

0.8%, after calibration. Concerning 
the vibration modes of the complete 
model of the vehicle, the average er-
ror of frequencies went from 20.3%, 
before calibration, to 2.9% after cali-
bration. Signifi cant improvements 
were also observed in MAC values, 
particularly in the vibration modes of 
the bogie. This result demonstrates 
the robustness and effi ciency of ge-
netic algorithms on the estimation 
of the vehicle’s modal responses. The 
combination of numerical param-
eters obtained for the GB2 bogie op-
timisation case with the parameters 
obtained for the GC1 case of vehicle 
optimisation provided the basis for 
developing the calibrated numeri-
cal model of BBN vehicle. Compared 
with the initial numerical model, the 
calibrated numerical models show 
higher frequency values of the rigid 
body modes of the car body and bo-
gies, essentially due to the increased 

stiffness of the primary and secondary suspension springs. 
On the other hand, most of the car body’s structural modes 
tended to decrease, largely due to a reduction of the RMI 
parameter of the side walls of the vehicle’s car body. In fu-
ture studies, the calibrated numerical model of the vehicle 
will be used to access the dynamic behaviour of the train-
track coupled system, in terms of passengers comfort and 
wheel–rail contact stability, on plain track, on bridges or on 
transition zones.
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Fig. 14: Comparison between the vibration modes of the carbody, experimentally and numerically obtained, after calibration

Tab. 7: Natural frequencies of the BBN vehicle obtained from the calibrated numerical model

Element Mode Damped frequency (Hz)

Carbody

1C 1.01

2C 1.24

3C 1.70

4C 8.39

5C 12.16

6C 17.73

Bogies

1B 9.21/9.24

2B 7.70/8.12

3B 14.16/14.09
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Robust Design Optimization (RDO) with optiSLang and 
optiSLang inside ANSYS Workbench
This event provides an overview of optimization techniques 
and appropriate stochastic methods of robustness evalua-
tion with optiSLang inside ANSYS Workbench. Practical ex-
amples will show how the software components are used 
to investigate a design space systematically, to determine 
sensitivities, to perform optimizations with competing 
goals and to consider the effect of scatter infl uences.

Trainings
For a competent and customized introduction to optiSLang, 
visit our basic or expert trainings explaining clearly theory 
and application of sensitivity analysis, multidisciplinary op-
timization, robustness evaluation and Robust Design Op-
timization (RDO). The trainings are not only for engineers, 
but are also perfectly suited for decision makers in the CAE-
based simulation fi eld. For all trainings there is a discount 
of 50% for students and 30% for university members/PHDs. 
You can fi nd an overview of the current training program at 
our homepage. 

Internet library
Our internet library is the perfect source for your research 
on CAE-topics and practical examples of CAE-based Robust 
Design Optimization (RDO). There you will fi nd state-of-the-
art information matched to the different fi elds of methods 
and applications.

Infos // 
www.dynardo.de/en/consulting
www.dynardo.de/en/trainings 
www.dynardo.de/en/library
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